Wasserstein Auto-Encoders of Merge Trees (and Persistence Diagrams)
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FIGURE 1 — Visual analysis of the Earthquake ensemble ((a) each ground-truth class is represented by one of its members),
with our Wasserstein Auto-Encoder of Merge Trees (MT-WAE). We apply our contributions to merge tree compression ((b),
right) by simply storing their coordinates in the last decoding layer of our network. We exploit the latent space of our network
to generate 2D layouts of the ensemble (c). In contrast to classical auto-encoders, MT-WAE explicitly manipulates merge
trees at each layer of the network, which results in improved accuracy and interpretability. Specifically, the reconstruction
of user-defined locations ( (¢), purple) enables an interactive exploration of the latent space : the reconstructed curve (d)
enables a continuous navigation between the clusters (from dark red to pink and light pink, (c )) MT-WAE also supports
persistence correlation views (€) (adapted from [[1]), which reveal the barycenter’s persistent features which exhibit the most
variability in the ensemble (far from the center). Finally, by tracking the persistence evolution of individual features as they
traverse the network down to its latent space, we introduce a Feature Latent Importance measure, which identifies the most

informative features within the ensemble ((e), red circles).
Abstract

This paper presents a computational framework for the
Wasserstein auto-encoding of merge trees (MT-WAE), a
novel extension of the classical auto-encoder neural net-
work architecture to the Wasserstein metric space of merge
trees. In contrast to traditional auto-encoders which ope-
rate on vectorized data, our formulation explicitly manipu-
lates merge trees on their associated metric space at each
layer of the network, resulting in superior accuracy and in-
terpretability. Our novel neural network approach can be
interpreted as a non-linear generalization of previous li-
near attempts [[I] at merge tree encoding. It also trivially
extends to persistence diagrams. Extensive experiments on
public ensembles demonstrate the efficiency of our algo-
rithms, with MT-WAE computations in the orders of mi-
nutes on average. We show the utility of our contributions
in two applications adapted from previous work on merge
tree encoding [l]. First, we apply MT-WAE to merge tree

compression, by concisely representing them with their co-
ordinates in the final layer of our auto-encoder. Second, we
document an application to dimensionality reduction, by
exploiting the latent space of our auto-encoder, for the vi-
sual analysis of ensemble data. We illustrate the versatility
of our framework by introducing two penalty terms, to help
preserve in the latent space both the Wasserstein distances
between merge trees, as well as their clusters. In both ap-
plications, quantitative experiments assess the relevance of
our framework. Finally, we provide a C++ implementation
that can be used for reproducibility.

Index Terms

Topological data analysis, ensemble data, merge trees, per-
sistence diagrams.

1 Introduction

With the recent advances in the development of com-
putation hardware and acquisition devices, datasets are



constantly increasing in size. This size increase induces
an increase in the geometrical complexity of the features
present in the datasets, which challenges interactive data
analysis and interpretation. To address this issue, Topolo-
gical Data Analysis (TDA) [2]] has shown over the years its
ability to reveal, in a generic, robust and efficient manner,
the main structural patterns hidden in complex datasets, in
particular for visual data analysis tasks [3]]. Among the re-
presentations studied in TDA, the merge tree [4]] (Fig. 2)
has been prominent in data visualization [} 16} [7].

—

FIGURE 2 — [llustration of the topological descriptors
considered in this work, on a clean (a) and a noisy (b)
variant of a 2D toy dataset. For all descriptors, the color
code indicates the persistence of the corresponding saddle-
maximum pair. Critical points are represented with spheres
(larger ones for maxima). Persistence diagrams, merge
trees and branch decomposition trees (BDTs) are respec-
tively represented in the left, center and right insets. For
both datasets, the four main features (the larger hills) are
represented with salient pairs in the diagram and the merge
tree. To avoid clutter in the visualization, the branches with
low persistence (less than 10% of the function range) are
rendered with small white arcs while larger, and colored
arcs represent persistent branches (more than 10% of the
function range). Figure adapted from [8| 1]

In addition to the increase in geometrical complexity dis-
cussed above, a new challenge has recently emerged in
many applications, with the notion of ensemble datasets.
Such datasets encode a given phenomenon not only with a
single dataset, but with a collection of datasets, called en-
semble members. In that context, the topological analysis
of an ensemble dataset consequently yields an ensemble of
corresponding topological representations (e.g. one merge
tree per ensemble member).

Then, developing statistical analysis tools to support the
interactive analysis and interpretation of ensemble data be-
comes an important challenge. Recently, several works ex-
plored this direction, in particular with the notion of ave-
rage topological representation (9, [10, 11} 12} [8]]. These
approaches can produce a topological representation which
nicely summarizes the ensemble. Moreover, their applica-
tion to clustering [8] reveal its main trends. However, they
do not provide any hints regarding the variability of the
features in the ensemble. For this, Pont et al. [1] recently

extended the notion of principal geodesic analysis to en-
sembles of merge trees. However, this approach implicitly
assumes a linear relation between the merge trees of the
ensemble. Specifically, it assumes that merge tree branches
evolve linearly (in the birth/death space) within the en-
semble.

2 Contributions

This paper addresses this issue with a novel formulation ba-
sed on neural networks and introduces the first framework
for the non-linear encoding of merge trees, hence resul-
ting in superior accuracy. Specifically, we formulate merge
tree non-linear encoding as an auto-encoding problem. We
contribute a novel neural network called Wasserstein Auto-
Encoder of Merge Trees. This network is based on a novel
layer model, capable of processing merge trees natively,
without pre-vectorization. We believe this contribution to
be of independent interest, as it enables an accurate and in-
terpretable processing of merge trees by neural networks
(without restrictions to auto-encoders). We contribute an
algorithm for the optimization of such a network. Similarly
to previous linear attempts [1]], since our approach is ba-
sed on the Wasserstein distance between merge trees [8]],
which generalizes the Wasserstein distance between per-
sistence diagrams [2], our framework trivially extends to
persistence diagrams by simply adjusting a single parame-
ter.

3 Applications

We illustrate the relevance of our contributions for vi-
sual analysis with two applications. Firstly, data reduction,
where we describe how to adapt previous work [1] to our
novel non-linear framework, in merge tree compression ap-
plications. Specifically, the merge trees of the input en-
semble are significantly compressed, by solely storing the
final decoding layer of the network, as well as the coordi-
nates of the input trees in this layer. We illustrate the in-
terest of our approach with comparisons to linear encoding
[L] in the context of feature tracking and ensemble cluste-
ring applications. Secondly, dimensionality reduction, for
which we describe how to adapt previous work [1]] to our
novel non-linear framework. Specifically, each tree of the
ensemble is embedded as a point in a planar view, based on
its coordinates in our auto-encoder’s latent space. To illus-
trate the versatility of our framework, we introduce two pe-
nalty terms, to improve the preservation of clusters and dis-
tances between merge trees.
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Appendix

Published in IEEE TVCG (Transactions on Visualization and
Computer Graphics). DOI : 10.1109/TVCG.2023.3334755.
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